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Abstract
The infrared behaviour of the standard model at finite temperature is deter-
mined by the confining phase of the SU(2)-Higgs model in three dimensions. Due
to the Landau singularity of the three-dimensional gauge theory the perturbative
treatment of the electroweak phase transition breaks down for Higgs masses above
a critical mass mcH . Based on a renormalization group improved effective potential
we find mcH ∼ 70 GeV. The scalar self-coupling has a Landau-type singularity
also in the abelian U(1)-Higgs model, which leads to a breakdown of perturbation
theory in the symmetric phase.
∗On leave from Institute for Theoretical Physics, Eo¨tvo¨s University, Budapest, Hungary
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The phenomenon of the electroweak phase transition at high temperatures has re-
cently attracted much attention, mostly in connection with the problem of baryogenesis
[1]. Detailed studies based on the ring-improved perturbation theory [2-6] suggest that
the phase transition is weakly first-order for Higgs boson masses mH smaller than the
vector boson mass mW . For larger Higgs masses the perturbative treatment becomes
unreliable. An alternative, well known technique to study second-order and weakly first-
order phase transitions of condensed matter systems is the ǫ-expansion which has also
been applied to the abelian and non-abelian Higgs models [7]. A recent detailed study
of the SU(2)-Higgs model based on the ǫ-expansion suggests a more strongly first-order
transition than is predicted by the ring-improved perturbation theory [8].
Let us consider the SU(2)-Higgs model at finite temperature, which for our purposes
is a sufficiently accurate approximation of the full standard model. The analysis of the
phase structure is based on a finite-temperature effective potential which, at the critical
temperature Tc, exhibits a barrier separating the symmetric from the broken phase.
This potential barrier, which is responsible for the first-order transition, is essentially
generated by radiative corrections involving fields with zero Matsubara frequency [1].
This means that the quanta of the three-dimensional theory are responsible for the
dynamics of the transition. In fact, the entire infrared behaviour of the finite-temperature
theory is determined by the corresponding three-dimensional theory [9]. This suggests a
breakdown of perturbation theory near the symmetric phase due to the infrared Landau
singularity of the three-dimensional gauge theory [10].
In the following we shall study the effect of the Landau singularity in more detail. Our
analysis will be based on the ǫ-expansion and on the assumed equivalence between the
finite-temperature theory and the three-dimensional theory at small values of the Higgs
field. The comparison between a renormalization group improved effective potential and
the familiar ring-improved one-loop potential will then show where pertubation theory
becomes inadequate.
The SU(2)-Higgs model in d = 4− ǫ dimensions is described by the lagrangian
L = ∞△W
⊣
µνW⊣µν + (Dµ⊕)†Dµ⊕+ V′(ϕ∈) , (1)
where
V0(ϕ
2) =
1
2
m2ϕ2 +
1
4
µǫλϕ4 , ϕ2 = 2Φ†Φ . (2)
Here W aµν is the ordinary field strength tensor and Dµ = ∂µ − iµǫ/2gW aµτa/2 is the
covariant derivative; g and λ are gauge and scalar self-coupling, respectively, and µ
is the mass scale used to define dimensionless couplings in 4 − ǫ dimensions. For our
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discussion of the phase structure we will need the effective potential V (σ), σ = 2Φ†Φ,
which in 4− ǫ dimensions is given by (cf. [8])
V ǫ
1
(σ) = V0(σ) + 3(3− ǫ)Iǫ(∞△µ
ǫ}∈σ) + Iǫ(∈µǫλσ) , (3)
where
Iǫ(§) = ∞∈
∫ ⌈△−ǫ‖
(∈π)△−ǫ ln(‖
∈ + §) . (4)
A straightforward calculation yields
Iǫ(§) = −µ
−ǫ§∈
6△π∈

∈
ǫ
− ln

§⌉γ −
∋
∈
△πµ∈

+ ǫ∈

 π∈∞∈ +
▽
∀ +
∞
∈ ln
∈

§⌉γ −
∋
∈
△πµ∈



+ . . .

 .
(5)
Note, that V ǫ
1
(σ) is the gauge invariant effective potential for the composite field σ =
2Φ†Φ in the broken phase, and not the effective potential for Φ in Landau gauge. At
one-loop order the contributions of scalar loops are different for the two potentials [11].
We are interested in the infrared behaviour of the SU(2)-Higgs model at finite tem-
perature, which is determined by the effective potential of the three-dimensional theory,
V1(σ) = V
ǫ
1
(σ) |ǫ=1
=
1
2
m2σ +
1
4
µλσ2 − 1
12π
(
6
(
1
4
µg2σ
)3/2
+ (2µλσ)3/2
)
. (6)
The finite-temperature potential in four dimension in the broken phase, V (Σ, T ), where
Σ = 2Φ†Φ, agrees with the potential (6) up to terms of order O(}∋±∋/T ∈) (cf. [11, 12]),
V (Σ, T ) = TV1
(
σ =
Σ
T
)
. (7)
Here the parameters are identified as follows,
µ = T , λ(µ) = λ− 3
128π
√
6
5
g3 , g(µ) = g ,
m2(µ) =

3g2
16
+
λ
2
− 3
16π
√
5
6
g3

 (T 2 − T 2b ) , (8)
where Tb is the barrier temperature.
It is expected that the one-loop approximation becomes unreliable as σ → 0 due to
non-perturbative effects in the symmetric phase. In 4 − ǫ dimensions one can improve
the one-loop potential by summing the large logarithms by means of the renormalization
group. Extrapolating this result to ǫ = 1, one may hope to obtain an improvement of the
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one-loop result also in three dimensions. The same extrapolation is usually performed
for the renormalization group equations of the couplings in connection with critical phe-
nomena.
For the one-loop potential (3) one obtains to O(ǫ), after subtracting terms O(∞/ǫ),
V ǫ
1
(σ) =
1
2
m2σ +
1
4
µǫλσ2
+
1
64π2
µǫσ2
[
9
16
g4 ln
(
µǫg2σe2/3
4µˆ2
)
+ 4λ2 ln
(
2µǫλσ
µˆ2
)
− ǫ
2
((
3π2
64
+
29
128
)
g4 +
(
π2
3
+
5
2
)
λ2
+g4
9
32
ln2
(
µǫg2σe2/3
4µˆ2
)
+ 2λ2 ln2
(
2µǫλσ
µˆ2
))]
+O(ǫ∈) , (9)
where
µˆ2 = 4πµ2e
3
2
− γ . (10)
Contrary to the effective potential for the Higgs field Φ, the mass term is not modified
by the quantum corrections. Note also the different arguments of the logarithms due to
vector loops and scalar loops, respectively.
The exact effective potential satisfies the renormalization group equation,
µ
d
dµ
V ǫ(σ) =
(
µ
∂
∂µ
+ µ
d
dµ
m2
∂
∂m2
+ µ
d
dµ
λ
∂
∂λ
+ µ
d
dµ
g2
∂
∂g2
− γσσ ∂
∂σ
)
V ǫ(σ)
= 0 . (11)
Inserting the one-loop potential (9) into this equation yields the one-loop renormalization
group equations for couplings and mass,
µ
d
dµ
m2 = −γσm2 , (12)
µ
d
dµ
g2 = −ǫg2 + βg , (13)
µ
d
dµ
λ = −ǫλ + ag4 + bλ2 + 2γσλ ,
a =
9
128π2
, b =
1
2π2
. (14)
The anomalous dimension γσ of the field σ and the β-function of the gauge coupling
cannot be obtained from the one-loop potential. Note, that the anomalous dimensions
for the Higgs field Φ and the composite field σ are different. For the gauge group SU(2)
the β function is
βg = −44− n
48π2
g4 ≡ β0g4 , (15)
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where n is the number of Higgs doublets.
Instead of λ, we shall need in the following the effective coupling
λ¯(µ) = λ(µ)G2(µ) , (16)
where
G(µ) = exp
(
−
∫ µ
µ1
dµ′
µ′
γσ(g(µ
′))
)
(17)
gives the scale dependence of the field σ. The renormalization group equation for λ¯(µ)
is given by the one for λ(µ) with γσ = 0.
The solutions of the evolution equations for g and λ¯ are known exactly [13, 8],
g2(µ) =
xǫg2
1
1 + β0
ǫ
(xǫ − 1) g21
, (18)
λ¯(µ) = y(x)g2(µ) , (19)
where
y(x) =
1
8b
(β0 + c tan θ(x)) , (20)
θ(x) = θ0 − c
2β0
ln
(
1 +
β0
ǫ
(xǫ − 1) g2
1
)
, (21)
x =
µ1
µ
, g1 = g(µ1) , (22)
θ0 = arctan
(
2by(1)− β0
c
)
, c =
√
(4ab− β20) . (23)
The running couplings g(µ) and λ(µ) exhibit the well known Landau pole at
µL =
(
− ǫ
β0g21
+ 1
)−1/ǫ
µ1 . (24)
The renormalization group equations for g(µ) and λ(µ) don’t have a non-trivial fixed
point, which is interpreted as evidence for a first-order phase transition in the SU(2)-
Higgs model [7].
In the finite-temperature case the critical temperature Tc is very close to the barrier
temperature Tb. Hence, the effective mass m in the three-dimensional theory is very
small, and its effect on the position of the global minimum σc can be neglected. For
simplicity, we will therefore restrict our discussion to the case m = 0 in the following,
i.e. we shall consider the Coleman-Weinberg model [14] in three dimensions.
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A renormalization group improved potential sums large logarithms. In the potential
(9) two types of logarithms appear, due to scalar and vector loops. Since λ ≪ g2, we
neglegt the scalar loops. For m = 0, the renormalization group improved potential then
takes the very simple form 1
V ǫRGI(σ) =
1
4
µ¯ǫλ(µ¯)G2(µ¯)σ2
=
1
4
µ¯ǫλ¯(µ¯)σ2 , (25)
where the mass scale µ¯ is given by
µ¯2 =
g2
16π
µσeγ − 56 ζ , (26)
with µ1 = µ. Here we have included a factor ζ = O(∞), since a change of scale does not
modify the leading logarithms in eq. (9). Expanding the renormalization group improved
potential (25) in powers of g2, one easily verifies that the leading logarithms in eq. (9)
have been summed.
In three dimensions the potential VRGI ≡ V ǫRGI |ǫ=1 can now be compared with the
one-loop potential (6). A formal expansion in powers of g2 now yields an expansion in
powers of
√
µ/g2σ,
VRGI =
1
4
µ¯λ¯(µ¯)σ2
=
1
4
µσ2
(
λ− 9
128π2
g4
µ
µ¯
+ . . .
)
, (27)
since µ¯ = O(
√
}∈µσ). The term of order O(σ∋/∈) is identical with corresponding term
of the one-loop potential (6) if one chooses
ζ =
81
64π
e−γ + 56 . (28)
For m2 = 0, the one-loop potential (6) has its global minimum at σc > 0. As one
increases the Higgs mass, the position of the minimum moves closer to the origin. Clearly,
perturbation theory breaks down as one approaches the Landau pole. The singularity is
reached for µ¯(σc) = µL, where µL is given by eq. (24) with µ1 = µ. This condition for
the breakdown of perturbation theory defines a critical Higgs mass, which is given by
mcH
2
m2W
= − 3
8π
√
π
e
γ
2
− 5
12
1
β0
. (29)
1A discussion of the standard model at zero temperature is given, e.g., in ref. [15].
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For the SU(2)-Higgs model one obtainsmcH ≃ 0.81mW which, with mW = 80 GeV yields
a critical Higgs mass of about 70 GeV.
In fig. (1) the one-loop potential (6) and the renormalization group improved poten-
tial (25) are compared for a Higgs mass mH = 25 GeV and the standard model gauge
coupling g2 = 0.41. For the improved potential the minimum is shifted inwards by about
20%, and at
√
σL = 0.2
√
σc the potential shows the Landau singularity. As fig. (2)
demonstrates, the effect of the Landau singularity is already very dramatic at mH = 45
GeV. Note, however, that our estimate of the location of the breakdown of perturbation
theory is uncertain at least by a factor of two.
What is the effect of the strong interactions in the symmetric phase on the elec-
troweak phase transition? It is conceivable that the non-perturbative effects increase the
strength of the transition, for instance via the formation of condensates [16, 17]. Another
possibility is that the main non-perturbative effects can be parametrized by means of
a “magnetic mass”, which would decrease the strength of the transition [4]. At present,
only lattice simulations appear to be able to settle this issue [18, 19].
Let us finally consider the abelian Higgs model. We define the gauge coupling via
the covariant derivative DµΦ = (∂µ − igµǫ/2 Wµ)Φ and choose for its value and for the
vector boson mass the standard model values, as in our discussion of the SU(2)-Higgs
model. All equations used for the discussion of the non-abelian case remain the same, if
we change the parameters a and β0 in the renormalization group equations to
a =
3
8π2
, β0 =
1
24π2
. (30)
Contrary to the nonabelian case, the running gauge coupling remains finite as µ → 0.
However, its value becomes rather large,
g2(0) = β−1
0
. (31)
In the coupled system of renormalization group equations the non-zero value of g2 leads
to a pole in the effective coupling λ¯(µ¯) of the renormalization group improved potential.
One finds a Landau-type singularity at
√
σ = 4
√
πβ0ge
−πβ0
c
− γ
2
+ 5
12
√
µ ≃ 0.03 √µ . (32)
In figs. (3) and (4) the one-loop potential and the renormalization group improved poten-
tial are shown for mH = 25 GeV and mH = 45 GeV. Compared to the non-abelian case
Landau singularity and global minimum are more separated. However, for sufficiently
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large Higgs masses, non-perturbative effects appear to be important also in the abelian
case.
In summary, we have to conclude that non-perturbative effects appear to be impor-
tant in the symmetric phase of the non-abelian and also the abelian Higgs model. In
the non-abelian case this is expected, whereas in the abelian case this may come as a
surprize. In the standard model the perturbative approach becomes inadequate for Higgs
masses above ∼ 70 GeV.
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Figure captions
Fig.1 One-loop potential and renormalization group improved potential for the SU(2)-
Higgs model in units of µ = T . mH = 25 GeV.
Fig.2 One-loop potential and renormalization group improved potential for the SU(2)-
Higgs model in units of µ = T . mH = 45 GeV.
Fig.3 One-loop potential and renormalization group improved potential for the U(1)-
Higgs model in units of µ = T . mH = 25 GeV.
Fig.4 One-loop potential and renormalization group improved potential for the U(1)-
Higgs model in units of µ = T . mH = 45 GeV.
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